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(1) For any k ∈ N, for any n ≥ k, by definition, xn + yn ≤ supn≥k xn + supn≥k yn. Then
supn≥k(xn + yn) ≤ supn≥k xn + supn≥k yn. Taking the limit as k → ∞, by the algebraic
property of limit, lim supn→∞(xn + yn) ≤ lim supn→∞ xn + lim supn→∞ yn.

(2) Note that xn − xn−1 = −3
4
(xn−1 − xn−2) for any n > 2. By induction, one can show

xk+1 − xk = (−3
4
)k−1(x2 − x1) for any k ∈ N. Then xn = x1 +

∑n−1
k=1(xk+1 − xk) =

x1 + (x2 − x1)
∑n−1

k=1(−
1
4
)k−1 = x1 +

4
7
(x2 − x1)(1 − (−3

4
)n−1). Hence, limn→∞ xn =

x1 +
4
7
(x2 − x1) =

4
7
x2 +

3
7
x1.

(3) Note that |xn−xm| = |
∑n−1

k=m(xk+1−xk)| ≤
∑n−1

k=m |xk+1−xk| ≤
∑n−1

k=m rk < rm

1−r
for any

n > m. For any ϵ > 0, there exists N ∈ N such that rN

1−r
< ϵ. Therefore, |xn − xm| < ϵ

for any n > m > N , i.e., {xn} is Cauchy. Hence, {xn} is convergent.

(4) Since {xn} is Cauchy, there exists N ∈ N such that for any n > m > N , |xn − xm| < 1.
If xn ̸= xm, then |xn−xm| ≥ 1. Thus xn = xm for any n > m > N , i.e., xn is a constant
for n > N .


